ON A PROBLEM OF MORDELL WITH PRIMITIVE ROOTS 
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Abstract. We consider the sums of the form 

N 

S = eX P i( aX + + • • • + b r9r)/p) , 

x = l 

where p is prime and gi,...,g r are primitive roots (mod p). An almost forty years old 
problem of L. J. Mordell asks to find a nontrivial estimate of S when at least two of the 
coefficients bi, . . . ,b r are not divisible by p. Here we obtain a nontrivial bound of the average 
of these sums when g\ runs over all primitive roots (mod p) . 

1. Introduction 

Let p be a prime number, 1 < N < p — 1, r a positive integer and consider the exponential 
sum 

N 

Sjv(a,b,g) := ^ f e p (ax + b l gK + --- + b r g*) , (1.1) 

x=l 

where a, and the components of b = (&i, . . . , b r ) are integers, bx, . . . ,b r are not divisible by p 
and g = (<7i, . . . , g r ) has components primitive roots modulo p. (We use I. M. Vinogradovs's 
notation e p (a) := exp(27ria / p) .) In the case r = 1, when p \ a and p \ b, R. G. Stoneham[5] 
proved that 

JV 



S N (b,g) := 5> p (6<f) = OCp^logp) . (1.2) 



x=l 



In a correspondence with D. A. Burgess, L. J. Mordell was informed that both Stoneham 
and Burgess have found independently several proofs of (jl.2p . Mordell [3] rediscovered one 
of the proofs of Burgess and observed that this leads to the following generalization: 

JV 

S N (a,b,g) := ^e p (ax + bg x ) < 2p 1 ' 2 \ogp + 2p 1 ' 2 + 1 , (1.3) 

x=l 

where p \ ab. He remarks that his method doesn't seem to apply for the estimate of (11.11) 
when r > 2, and the problem remained unsolved till this day. In this paper, fixing all but one 
of the primitive roots, say g G {gi, . . . , g r }, we derive a nontrivial bound of S = Sjy(a, b, g) 
on average over all g primitive roots (mod p). 
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In the following we write shortly = (gf, . . . , gf), for any integer x and g = (gi, . . . , g r ). 
Also, we use the dot product notation: bg x = bigf + • • • + b r g x , where b = (bx, . . . , b r ). Let 

1 ' N 

S N (a,b,b,g,g)= _ ^ e p (ax + bg x + bg x ) , (1.4) 

' g (mod p) x=l 

where the prime indicates that the summation is over all g primitive roots (mod p) . 

Theorem 1. Let p be prime, 1 < iV < p — 1, let a,b,b\, . . . ,b r be integers not all divisible 
by p, gcd(6, p) = 1, and let g,g%,..., g r be primitive roots (mod p). Then: 

I i 23 

\S N {a,b,b,g,g)\ <pM+*. (1.5) 

The idea of proof is inspired from the Vinogradov's method and it proved successfully in 
the estimation of some exponential function analogue of Kloosterman sum, Shparlinski pE]. 



2. The Complete Interval Case 



We may assume that r > 1, since otherwise (11.31) gives a better estimate than (11.51) . Taking 
some fixed primitive root go mod p, then any primitive root g (mod p) can be written as 
g = <?o (mod p), for some 1 < u < p — 1 with gcd(u,p — 1) = 1. This allows us to replace 
the sum over g in (11.41) by a sum over 1 < u < p — 1 with gcd(u,p — 1) = 1. Then 



S N (a,b,b,g,; 



(p(p-l) 



p-l N 

^2e p (ax + bg ux + bg x ) 



u=l x=l 
gcd(u,p-l)=l 



<p(p- 1) 



(2.1) 



where 



p-i 

E 

n=l 
gcd(n,p— 1)=1 



A? 



^e p (ax + 6^' + bg :E ) 
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From now on, in this section we assume that N = p—1 and write shortly £ = £ p _i. Applying 
the Cauchy-Schwarz inequality, we have: 



p-i 



u=l 
gcd(u,p-l)=l 



p-1 



J^e P {ax + bg ux + bg x ) 



x=l 



p—1 p—1 p—1 

cp(p-l) £ £ e p( ax + b ^ - ^ - h S y )e P (bg ux - bg uy ) 



u=l x=l y=l 
gcd(u,p-l)=l 



p—1 p—1 



<?(p-i)££ 

x=i j/=i 



e p (a(a;-?/) + bg a -bg s/ ) 



p-i 



u=l 
gcd(w,p— 1)=1 



Then, by the Holder Inequality, we get 

tp— 1 p—i p—i 
££ £ z P {K9 ux - 9 UV )) 
x=l y=l u=l 

gcd(u,p— 1)=1 

tp— 1 p—1 \ ^ p—1 p—1 p—1 
EE 1 EE £ e p( b (g ux - g uy )) 
x=l y=l / x=l y=l u=l 

gcd(«,p— 1)=1 

Replacing y by xy and then g x by A, we have: 

p—i p—i p—i 



S8 <P 10 ££ £ e P (K9 UX - 9 uxy )) 



x=l y=l u=l 

gcd(u,p— 1)=1 

p—1 p—1 p—1 



(2.2) 



^ 10 ££ £ e p (6(A«-A-)) 



A=l y=l u=l 

gcd(u,p— 1)=1 



The double sum on y and u can be estimated following the proof of Theorem 8 from 
Canetti et all [2]. The result is stated in the following lemma: 

Lemma 2. For any integers b, gcd(a,b,p) = 1 and A primitive root mod p, we have 



p-i 



H a>b = 

y=l 



p-1 



e p (a\ x + b\ xy ) 



x=l 
gcd(x,p— 1)=1 



0(p 14 ^). 



(2.3) 



The estimate (12.31) is a generalization and improvement of Theorem 10 from Canetti, 
Friedlander, Shparlinski [T]. 
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Proof. Using the properties of the Mobius function and then the Holder inequality, we have: 



p-1 

H a , b = 

y=l 



p-1 



J2 ^(d)J2e p (a\ x + b\ xy ) 



d\p-l x=l 
d\x 



p-1 / 

E 

y=l \d\p-i 



p-i 



J2e p (a\ dx + b\ dxy ) 



x=l 
3 



p-1 / 

sE E 1 ) E 

y=l \d\p-l J d\p-l 



p-1 

d 



^e p (aX dx + b\ dxy ) 



x=l 



p-1 



d\ P -l y=l 



p-i 



x=l 



(2.4) 



where a r (n) = Y2d\n d r is the sum of powers of the divisors of n. For any d \ p — 1 we denote 



:= {P~^)/d and A^ := A . Notice that the multiplicative order of A is td- Then the sum 
over y from the last line above becomes: 



p-i 

E 

y=l 



P-1 



^e p (aA d:E + 6A d ^) 



=«E 

y=l 



td 



x=l 



td -. td 

= rf E^E 



E 

d 



td t d 

EE 

y=l z=l 
td P-1 



E E 

y=l a,0=O 



t d 



J2e P (aX^ + bXt z)y ) 

x=l 

£e p (a\ d \ x + bX z d y\7) 

x=l 



x=l 



(2.5) 



since for each fixed y G {1,...,^} the pairs (at d ,bX z d y ) with z G {1,...,^} are distinct 
modulo p. Next we write explicitly the absolute value in the last term and see that (12.51) 
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gives 



p-1 

£ 

y=l 



P-1 



J2e p (a\ dx + b\ dxy ) 



d 



x=l 

p-1 



td 



cr,/3=0 y, £1,2:2, £3, £4=1 



.(^(A- 1 + \f - xf - XT) + (3(xt v + xr - xt v - xt v )) 



E X>(«( A " + A " - A " - ^))Y,e p ((3(XT y + A?" - XT y - XT)) 

l d .... /3=0 



(2.6) 



d_ 



£3, £4 = 1 



where Td is the number of solutions of the system of congruences: 

\X\ i \X2 — \X3 I \X4 
A d + A d = A d + A d ) 

A d + A d = A d + A d 

with 1 < Xi,X2,X3,X4,y < £<j- In the proof of Theorem 8 from Canetti et all [2], the last 
inequality bounds Td by 



J-d ^t d V 



(2.7) 



Then, by ([H]), (J2IEJ and (|277|) . we obtain 



^«^-i)Ef-p 2 -^ 4 V 



rfi P -i 

< a 3 (p- 1)<t_ u(p- 1) -p 14/3 
and the lemma follows, since <r r (n) <C n e for any r. 



□ 



By (T22D and (Q we deduce that: 



S 8 <^ 10 ^p 14 /3+e <p 47/3 + e 



A=l 



Then making use of the estimate p/ log log p <C y?(p — 1), we obtain 

E 



23/24+e 



(2.8) 



From this estimate together with (12. ip , it follows (11.51) , so Theorem [1] is proved in the case 
N = p-l. 
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3. Completion of the Proof 



It remains to show that the size of the incomplete sums is not far from that of the complete 
ones. Let / be an interval of integers C [l,p — 1] and denote 



p-i 



5 ( J )= E E e p( ax + b 9 ux + b s x ) • 



(3.1) 



u=i xei 

gcd(u,p-l)=l 



In order to estimate the departure of S(I) from S([l,p — 1]), the following characteristic 
function of the interval I is suitable: 



1 P 

r ,.^r l — i 



j/G/ fc=l 



1, if x E I; 
0, else. 



Then 



p-i 



S ^= E E e > x+6 ^+ b s" 



gcd(u,p-l)=l 

p— l p— l 



= ^ ^e p (ax + ^ + bg*)-^^e p (%-x)) 



u=l x=l 
gcd(u,p— 1)=1 



y£l k=l 



p— 1 p— 1 



-EE e ^) E E^-^+^ + bg*). 



fc=i ye/ 



u=l x=l 
gcd(«,p— 1)=1 



In this last form of S(I) we separate the terms with k = p and bound its absolute value to 
get: 



F fe=l 



E e p(^) 

y ei 



+ Vi E 



gcd(«,p-l)=l 



p-1 

E 

gcd(u,p-l)=l 
p-1 



p-1 



E^l^-^ + ^ + bg") 



a;=l 



^e^ax + ^ + bg") 



x=i 



(3.2) 



Here the sum over y is a geometric progression, that can be evaluated accurately using 



|e p (fc)-l| =2 


/kir\ 






8111 K-j) 


> 4 











(3.3) 
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where ||-|| is the distance to the nearest integer, while the sums over u and x are the complete 
sums bounded by Q23P. Thus, by (EES) . Q and we get 



"P^|e P (fc)-l| P 
<P 4 



p-i 

„47/24+e ' 



p 2&;/p 



<p 47 / 24+e (3 + logp) 

< p 47/24+e ) 

which concludes the proof of Theorem [TJ 

Acknowledgement: We thank Ke Gong for his careful reading of an earlier version of 
this paper. 

References 

[1] R. Canetti, J. B. Friedlander, and I. E. Shparlinski, On certain Exponential Sums and the Distribution 

of Diffie-Hellman Triples, J. London Math. Soc, 59 (1999), 799-812. 
[2] R. Canetti, J. B. Friedlander, S. Konyagin, M. Larsen, D. Lieman and I. E. Shparlinski, On the 

Statistical Properties of Diffie-Hellman Distributions, Israel J. Math., 120 (2000), 23-46. 
[3] L. J. Mordell, On the Exponential sum J2*=i exp(2ni(ax + bg x )/p), Mathematika, 19 (1972), 84-87. 
[4] I. Shparlinski, Exponential Function Analogue of Kloosterman Sums, Rocky Mountain J. Math., 2004, 

v. 34, 1497-1502. 

[5] R. G. Stoneham, On the Uniform e- Distribution of Residues within the Periods -of Rational Fractions 
with Applications to Normal Numbers, Acta Arithmctica, 22 (1972), 371-389. 



Cristian Cobeli, Mathematics Research Institute of the Romanian Academy, P.O. Box 
1-764, Bucharest, 70700, Romania 

E-mail address: cristian.cobeli@imar.ro 



